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Abstract 

Normal mode analyses on the protein, bovine pancreatic trypsin inhibitor, in dihedral angle space and Cartesian 
coordinate space are compared. In Cartesian coordinate space it is found that modes of frequencies lower than 30 
cm-’ contribute 80% of the total mean-square fluctuation and are represented almost completely by motions in the 
dihedral angles. Bond angle and length fluctuations dominate in modes above 200 cm -I, but contribute less than 2% 
to the total mean-square fluctuation. In the low-frequency modes a good correspondence between patterns of atomic 
displacements was found, but on average the root-mean-square fluctuations of the Cartesian coordinate modes arc 
13% greater than their dihedral angle counterparts. The main effect of fluctuations in the bond angles and lengths, 
therefore, is to allow the dihedral angles to become more flexible. As the important subspaces determined from the 
two methods overlap considerably, dihedral angle space analysis can be applied to proteins too large for Cartesian 
coordinate space analysis 

Keywords: Normal mode analysis; Dihedral angle space; Cartesian coordinate space: Bovine pancreatic trypsin 
inhibitor; Important conformational subspace 

1. Introduction 

Recent studies using the method of principal 
component analysis applied to molecular dynam- 
its trajectories of proteins in order to determine 
their collective motions, have demonstrated that 
fluctuations of only a small number characteristic 
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collective variables, termed principal compo- 
nents, are necessary to account for a high propor- 
tion of a protein’s motion [l--3]. Principal compo- 
nent analysis is directly related to the normal 
mode analysis, becoming equivalent in the case of 
a perfectly harmonic potential energy surface. 
Although it is known that proteins have anhar- 
manic energy surfaces of a multiple-minima na- 
ture, it has been shown that the normal mode 
analysis can even give information on these an- 
harmonic aspects of the motion [1,4.5]. For exam- 
ple, it has been shown for the polypeptide melit- 
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tin, and more recently for the small globular 
protein, bovine pancreatic trypsin inhibitor, BPTI, 
that the low-frequency normal modes define a 
subspace within which a significant proportion of 
the characteristic, anharmonic motions observed 
in a molecular dynamics, occur [1,5]. Therefore, 
normal mode analysis still remains to be one of 
the most powerful tools available for determining 
and characterising a protein’s dynamics. In this 
paper we present a comparison of two normal 
mode analyses on BPTI, one performed in Carte- 
sian coordinates space, CCS, the other in dihe- 
dral angle space, DAS. The aim of this compari- 
son is to determine the accuracy of the DAS 
analysis, where all bond angles and bond lengths 
are kept fixed. Such a comparison has been previ- 
ously performed on the polypeptide deca-alanine 
[6]. However, as indicated above, it is now known 
that for a protein, motions are dominated by the 
low-frequency, soft, modes. In the case of deca- 
alanine, which has a rigid alpha-helix structure, 
there are relatively few low-frequency normal 
modes. As it is precisely in these low-frequency 
modes that one expects the motion to involve 
almost exclusively the dihedral angles, the possi- 
bility arises that the DAS normal mode analysis 
could be particularly accurate for a protein. 

The real point of such a comparison is that the 
DAS normal mode analysis can be applied to 
proteins that are too large for practicable appli- 
cation of the CCS normal mode analysis. For 
example, in the case of BPTI, the CCS analysis 
requires one to diagonalize a 2658 by 2658 ma- 
trix. In the DAS analysis, however, the problem is 
reduced to the simultaneous diagonalization of 
two 325 by 325 matrices. This reduction in the 
size of the problem also gives considerable sav- 
ings in the energy minimization process. On aver- 
age the ratio of the number of dihedral angles to 
Cartesian coordinate variables is about one to 
eight. However, the DAS analysis has the practi- 
cal disadvantage of being technically more in- 
volved to implement (see Section 2). In this paper 
we show that despite the approximation of fixing 
bond angles and lengths, the DAS normal mode 
analysis provides a way of determining important 
collective motions of proteins that are too large 
for a viable CCS analysis. 

2. Methods 

2.1. Molecule studied 

The molecule studied is the small 58 residue 
globular protein, bovine pancreatic trypsin in- 
hibitor, BPTI. The total number of atoms, N, is 
886. The number, No, of dihedral angles is 325. 

2.2. Conformational energy function 

For the DAS calculation the ECEPP energy 
function was used [7]. For the CCS calculation, 
the Discover consistent valence force field, CVFF, 
energy function was used with cross terms using 
the harmonic potential for the bond lengths [S]. 
In both normal mode analyses all residues were 
neutral, the dielectric constant was set equal to 
2.0, and no cutoff was applied to the non-bonded 
interactions. Technical difficulties prevented us 
from using the same parameter set for both calcu- 
lations (see below for discussion of this point). 
The software for the CCS calculation was Dis- 
cover, and for the DAS calculation, the in-house 
software, INSPIDAS, was used. 

2.3. Energy minimization 

The minimized energy conformations were de- 
termined by minimizing the energy functions 
starting at the X-ray structure [9] in the case of 
the CCS calculation, and in the DAS case start- 
ing from the regularized X-ray conformation [lo]. 

2.4. Normal mode analysis 

In Cartesian coordinate space 
In CCS the normal mode analysis is rather 

straightforward. After minimization the Hessian 
matrix is calculated as a function of the mass 
weighted Cartesian coordinates (Cartesian coor- 
dinate multiplied by square root of mass). In our 
case the Hessian is a 2658 by 2658 matrix. Diago- 
nalization of this matrix yields the eigenvalues, 
which are the angular frequencies squared, and 
the eigenvector matrix U, the columns of which 
give the normal mode vectors. Six of the eigenval- 
ues are zero and correspond to the six variables 
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required to characterize the external motion of 
the whole protein. This leaves 3N - 6 non-zero 
eigenvalues. 

In dihedral angle space 
In DAS this procedure is complicated by the 

fact that the kinetic energy term cannot be writ- 
ten down as a simple function of the dihedral 
angle variables, as it can in the case of the mass 
weighted Cartesian coordinate variables. The in- 
ternal kinetic energy is calculated as a function of 
the dihedral angle variables by defining a coordi- 
nate system that is attached to the protein by six 
conditions, three that tie the origin to the centre 
of mass, and a further three that are collectively 
known as the Eckart condition which fix the 
direction of the axes within the body of the pro- 
tein [ 11,121. The normal mode analysis proceeds 
by calculating the so-called K matrix defined as: 

i’q, 
K,, = c 

I 

(1) 

in this coordinate system, where qi is the ith 
mass weighted Cartesian coordinate, 4j is the jth 
dihedral angle, and the derivative is calculated at 
the energy minimum. Knowing this matrix it is 
posslhle to write down the kinetic energy in terms 
of the dihedral angles, by way of the so-called H 
matrix: 

7’= + c H,j&cj,, 
r.;- I 

where 
ilv aq, dqk 

H,,= c --. 
k=, 34, 34, 

(3) 

The normal mode analysis is performed by simul- 
taneously diagonalizing the H matrix to the iden- 
tity matrix, and the Hessian to the eigenvalue 
matrix, yielding an eigenvector matrix V. In this 
case the Hessian and H matrices are only 325 by 
325 in size. This is a massive reduction in the size 
of the problem from the CCS case where the 
matrix is 2658 by 26.58. 

2.5. Comparing results from the two methods 

In the DAS, the dihedral angles in the jth 
normal mode undergo small amplitude displace- 

ments ~1,~ given by the jth column vector of the 
matrix V. The displacement wk, in the kth mass 
weighted Cartesian coordinate caused by small 
dihedral angle displacements of the jth DAS 
normal mode is given by: 

(4) 

Note there are only No w, vectors. The diagonal- 
ization of H to the identity matrix means that the 
U’L , satisfy the orthonormality condition: 

g M’L,WX, = I!?,, . C-5) 
x=1 

To quantify the similarity of the two normal mode 
vector sets. uj from the CCS calculation. and w,, 
from the DAS, the two minumum energy confor- 
mations are brought into their best fit positions 
reorientating the vector sets w, and U, accord- 
ingly. The degree of similarity between two par- 
ticular vectors from the two calculations can hc 
quantified by taking their inner product: 

c I, =w;u,. (6) 

c,, gives the value of wi projected onto U, or vice 
versa. If the two vectors arc identical, then c,, 
will equal 1 due to the normality condition. 

The space defined by the N,, w, vectors lies 
completely within the space defined by the 3N - h 
u, eigenvectors because all possible patterns of 
displacements that do not represent overall trans- 
lations or rotations of the protein, can be repre- 
sented by linear combinations of the U, eigenvec- 
tors. In other words the U,‘S form a complete set. 
For this reason any w, can be expressed as a 
linear combination of the former as: 

3.Y -0 
w, = c c,,u,. (7) 

I- 1 

where the c,,‘s are given by Eq. (6). It follows 
from Eq. (7) that: 
3iv- (1 

c c;,=1 (8) 
J'l 

as both vector sets satisfy the orthonormality con- 
dition. The opposite case of trying to express the 
CCS eigenvectors U, as linear combinations of 
the DAS vectors wi gives a different result, as the 
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wj’s do not form a complete set. Physically this is 
because displacements caused by angle bending 
and bond stretching are not represented by the 
wj’s. The quantity, 

q= “c”c;, (9) 
i=l 

where now the sum is over the projections of the 
w, vectors onto a single uj vector, measures to 
what degree the vector uj is represented in the 
DAS subspace. If it equals 1 then, the motions 
are totally representable by dihedral angle mo- 
tions. If it is less than 1, then it indicates the 
extent of the contribution from bond length 
stretching and bond angle bending motions to the 
atomic displacements. 

2.6. Atomic mean-square fluctuation 

The atomic mean-square fluctuation derived 
from the CCS analysis is given by the following 
expression: 

where xi is the ith atomic coordinate, mi, its 
mass, and oj is the angular frequency of the jth 
CCS normal mode. In the DAS case it is given by: 

(11) 

where in this case, wj is the angular frequency of 
the jth DAS normal mode. The values for the 
root mean-square fluctuations (RMSF) of the C* 
atoms are calculated using these expressions as 
another way of comparing the two methods. In 
this work the temperature T was set equal to 300 
K. 

3. Results and discussion 

3.1. Minimized energy conformations 

Fig. 1 shows the best fit between the DAS 
energy minimized structure, and the CCS energy 
minimized structure. The root-mean-square devi- 
ation (RMSD), calculated over main-chain heavy 
atoms, between these two structures is 0.92 A. 

Fig. 1. Stereo view of the X-ray conformation ( . ), the minimum energy conformation in the CCS (- ) and the minimum 
energy conformation in the DAS (- - - - -). 
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This small value means that the inner products 
taken between the normal mode vectors from the 
two analyses will be largely unaffected by the 
difference the two minimum energy conforma- 
tions. The RMSD values after besot-fitting to the 
original X-ray structure are 0.14 A for the CCS 
minumized structure, and 0.9 A for the DAS 
minimized structure. 

3.2. Frequency spectra and RMSF llalues for the 
alpha-carbon atoms 

The frequency ranges from the two methods, 
were 5.3-3673.8 cm-’ for the CCS analysis, and 
6.1-878.7 cm-’ for the DAS analysis. Fig. 2 
shows the frequency density plotted against fre- 
quency from the DAS normal mode analysis, and 
two CCS normal mode analyses, one using the 
CVFF parameter set, the other using the OPLS 
parameter set [13]. We include the OPLS param- 
eter set results only to show that no great differ- 
ence is seen in using the two parameter sets. A 
thorough study by Teeter and Case [14] also 
found that normal mode analysis is rather insen- 
sitive to the parameter set used. The OPLS re- 
sults were used previously in a study comparing 
the results of a normal mode analysis on BPTI 
and molecular dynamics simulation 151. Note that 
from here onwards, all other CCS results are 

-_ 
0 100 200 300 400 500 

Frequency (cm-‘) 

Fig. 2. Frequency distributions obtained from normal mode 
analyses. The lines (- ), (- - - -) and (-.-.-) represent 
the results from the CCS analysis using the CVFF energy 
function, the DAS analysis. and the CC.5 analysis using the 
OPLS energy function, respectively. 

----1 

0 L-_-L-. -_.L_. -._ d_._j 
0 10 20 

Residue3°numb4eOr 
50 60 

Fig. 3. RMSF (root-mean-square fluctuation) of C” atoms at 
300 K. The lines (- ) and (- - -) represent the results 
from the CCS and DAS analyses, respectively. 

derived from the normal mode analysis using the 
CVFF energy function. The DAS result shows a 
consistently lower frequency density. This may 
not be surprising as the integral of this curve 
gives the total number of modes: 2652 in the CCS 
case, compared with 325 for the DAS. Significant 
differences between the CCS spectra and the 
DAS spectrum are seen above roughly 200 cm ‘, 
indicating that above this frequency angle bend- 
ing and bond stretching motions begin to make 
the major contribution. 

Fig. 3 shows the root-mean-square fluctuation 
(RMSF) values of the C” atoms by the two meth- 
ods using Eqs. (10) and (11). Overall the peak 
and trough positions correspond well. Although 
in the DAS analysis contributions from bond 
angle bending and bond length stretching are 
totally neglected, the average RMSF value of the 
C” atoms from the DAS is 87% of that from the 
CCS analysis. A very similar picture to that of 
Fig. 3 is seen in the comparison of side chain 
atom RMSF values. 

The root of the total (including all atoms) mass 
weighted mean-square fluctuation (norpalized by 
dividing by the total mas:) ’ was 0.54 A from the 
DAS analysis, and 0.61 A from the CCS analysis. 
The fluctuations, therefore, in the CCS case are 

’ This quantity will be referred to as the total fluctuation of 
the protein from here onwards. 
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on average 13% greater than those found from 
the DAS analysis. In the case of deca-alanine [61 
the corresponding quantity had the somewhat 
higher value of 20%. 

3.3. Comparing modes from DAS and CCS analy- 
ses 

Using Eq. (6) inner products between all modes 
from the DAS and the CCS analyses were calcu- 
lated. Fig. 4 shows the result. Each symbol in the 
figure represents a significant correspondence be- 
tween a mode from the DAS analysis and a mode 
from the CCS analysis. The position in the figure 
indicates the frequencies of these modes. Most 
corresponding modes occur at low frequencies. 
Clearly the frequencies of the DAS modes are 
somewhat higher than their corresponding CCS 
modes. The figure of 13% for the percentage 
difference in the total fluctuation of the protein 
derived from the two methods indicates that the 
value for the frequency of a DAS mode is, on 
average, greater by 13% than the frequency value 
of the corresponding CCS mode. The broken line 
in Fig. 4 is the line corresponding to this 13% 

r 

-! 
0 10 20 30 40 

Frequency in the CCS (cm-‘) 
Fig. 4. The cl: between a pair of normal modes, one from 
CCS analysis, the other from the DAS. Symbols ??and A 
show the ct in the range l-O.5 and 0.5-0.1, respectively. See 
text for explanation of broken line. 
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Fig. 5. Projection P, of the jth CCS normal mode onto the 
DAS subspace (see Eq. (9)). 

increase. As mentioned before in the case of 
deca-alanine the value was 20%. Fig. 5 shows the 
Pj values (see Eq. (9)) plotted against the mode 
frequency from the CCS analysis. As mentioned 
in Section 2 the Pi value indicates the degree to 
which each CCS mode can be expressed in the 
subspace defined by the DAS modes. Physically it 
tells us to what extent the motion can be repre- 
sented by dihedral angle motions only. Low- 
frequency modes correspond to motions almost 
totally representable in terms of dihedral angle 
motions only. However, the contribution from 
bond angle bending and bond length stretching 
motions increases monotonically until they com- 
pletely dominate the modes corresponding to fre- 
quencies above 200 cm-‘. This corresponds to 
the result seen in Fig. 2, where significant differ- 
ences between the CCS spectra and the DAS 
spectrum were also seen above roughly 200 cm- ‘. 
Fig. 6 shows the cumulative percentage contribu- 
tion to the total mass weighted mean-square fluc- 
tuation of the protein plotted against mode fre- 
quency from the CCS analysis. It shows to what 
degree the low-frequency modes contribute to the 
total fluctuation of the protein. Modes with fre- 
quencies lower than 30 cm-’ contribute almost 
80% of the total mass weighted mean-square 
fluctuation of the protein. Looking at Fig. 5 one 
can see that all these modes have P, values above 
0.9. Therefore one can conclude that 80% of the 
total mass weighted means-quare fluctuation of 
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Fig. 6. Percentage of cumulative contribution of CCS modes 
to the total mass weighted mean-square fluctuation of the 
protein plotted against frequency. 

the protein arises from motions involving only 
dihedral angles. Modes of frequencies greater 
than 200 cm-‘, which were found to be those that 
are dominated by bond angle bending and bond 
length stretching motions contribute less than 2% 
to this total. The intermediate case with P, values 
centred on 0.5, corresponds to motions involving 
both dihedral angle, and bond angle and bond 
length fluctuations. Motions at these frequencies 
are not global, but span several residues. 

Although it may be argued that the effect of 
the difference in the energy parameter sets in the 
two analyses is difficult to quantify, we feel sure 
that the results presented are, at least qualita- 
tively, correct. Supporting this, is that, in the case 
of the deca-alanine analysis, where great care was 
taken to give common parameters identical val- 
ues, qualitatively similar results were observed. 
The 20% difference, compared to 13% here, of 
the percentage increase in the RMSD value from 
the CCS over that found from the DAS in the 
case of deca-alanine, may be attributable to the 
different energy functions used in the CCS analy- 
ses. It is thought that the CVFF energy function 
used here, allows less flexibility than the AMBER 
[IS] function used in the deca-alanine analysis. 

4. Conclusions 

A normal mode analysis in dihedral angle space 
has been compared to a normal mode analysis in 
Cartesian coordinate space. The CCS normal 
mode analysis has the advantage of being techni- 
cally easier to apply than the DAS analysis. The 
disadvantage of the CCS normal mode analysis 
lies in the comparatively large number of vari- 
ables that are treated when a large protein is 
tackled, making the energy minimization process 
and the diagonalization of the resulting Hessian 
matrix, a computationally daunting task. This is 
where the DAS method has an advantage. The 
reduction in the number of variables and conse- 
quent reduction in the computation time for the 
energy minimization and large reduction in the 
sizes of the matrices to be diagonalized, is such 
that even large proteins can be dealt with. 

The low-frequency CCS modes ( < 30 cm ‘Ican 
be represented almost completely by motions 
caused by dihedral angle motions only. Such mo- 
tions account for 80% of the total mass weighted 
mean-square fluctuation of the protein in the 
CCS. Motions above 200 cm- ’ are those domi- 
nated by bond length stretching and bond angle 
bending, but these contribute less than 2%) to the 
total mean-square fluctuation. However, despite 
the fact that these dominant low-frequency mo- 
tions can be almost totally represented by mo- 
tions of only the dihedral angles. the frequencies 
of the DAS modes are on average 13% greater 
than their corresponding CCS modes. This means 
that the RMSF values for the low-frequency nor- 
mal modes in the CCS are on average 13% greater 
than their DAS counterparts. It appears there- 
fore that allowing fluctuations in bond lengths 
and bond angles has the indirect effect of making 
the dihedral angles more flexible. The direct con- 
tribution from bond angle bending and bond 
length stretching to the total fluctuation of the 
protein is in contrast very small. 

Although the DAS modes have somewhat 
higher frequencies than their CCS counterparts, 
the fact that the low-frequency CCS modes are 
well represented by low-frequency DAS modes 
(see Fig. 4) means that the low-frequency modes 
from both analyses occupy the same subspace. 
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This fact is important, as it is in the subspace 
defined by the low-frequency modes that most of 
the motion occurs (see Fig. 6). In fact this is the 
concept of the important subspace [161. The de- 
termination of the important subspace allows one 
to do normal mode X-ray refinement [16] and 
suggests the possibility of doing molecular dynam- 
ics simulations within this space [3]. The results 
here indicate that the DAS normal mode analysis 
can be applied to proteins too large for the CCS 
analysis in order to determine the important sub- 
space. 
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